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Abstract. Jayne and Rogers proved that every function from an analytic space into a separable metric space is decomposable into countably many continuous functions with closed domains if and only if the preimage of each Fσ set under it is again Fσ. Several researchers conjectured that the Jayne-Rogers theorem can be generalized to all finite levels of Borel functions. In this paper, by using the Shore-Slaman join theorem on the Turing degrees, we show the following variant of the Jayne-Rogers theorem at finite and transfinite levels of the hierarchy of Borel functions: For all countable ordinals α and β with α ≤ β < α·2, every function between Polish spaces with small inductive dimension = ∞ is decomposable into countably many Σ 0 γ(n)+1
-measurable functions with Π 0 β domains and a sequence {γ(n)}n∈ω such that γ(n) + α ≤ β if and only if, from each Σ 0 α+1 set, one can continuously find its Σ 0 β+1 preimage. A remarkable theorem proved by Jayne-Rogers [11] states that the Σ 2,2 functions are precisely the ∆ 0 2 -piecewise continuous functions, where for a class Γ of Borel sets and a class F of Borel functions, we say that a function is Γ-piecewise F (denoted by the symbol dec α F if Γ is a delta class ∆ 0 α ) if it is decomposable into countably many F -functions with Γ domains. Subsequently, Solecki [25] showed a dichotomy for Borel functions (see also [16, 19, 21] ) to sharpen the Jayne-Rogers theorem by using the Gandy-Harrington topology from effective descriptive set theory.
More recently, a significant breakthrough was made by Semmes [23] , who used several variations of Wadge games with priority argument to show that on zerodimensional Polish space ω ω , the Σ 3,3 functions are precisely the ∆ continuous functions, and the Σ 2,3 functions are precisely the ∆ 0 3 -piecewise Σ 0 2 -measurable (i.e., Σ 1,2 ) functions. The countable decomposability at all finite levels of Borel hierarchy have been studied by Pawlikowski-Sabok [19] and Motto Ros [16] . Naturally, many researchers expected that the Jayne-Rogers theorem and the Semmes theorem could be generalized to all finite levels of the hierarchy of Borel functions (see [1, 16, 19, 23] ).
Decomposability Conjecture (see [16, Conjecture 1.6] ). On separable metric spaces with analytic domain, Σ m+1,n+1 = dec n+1 Σ 1,n−m+1 holds. In other words, the Σ m+1,n+1 functions are precisely the ∆ 0 n+1 -piecewise Σ 0 n−m+1 -measurable functions at all finite levels m, n ∈ ω.
In this paper, we introduce the notion of the Σ → α,β functions, which are more amenable than the Σ α,β functions. Roughly speaking, a function is said to be Σ Here, we should emphasize the significance of the concept of decomposability in computability theory and computer science. As typical examples from computational complexity theory, nonuniform complexity classes are usually defined as classes of problems that are feasibly solvable with advice strings, that is, classes of problems solved by piecewise feasible functions. For several applications of nonuniform computability on countably-based topological spaces, see [4, 27] . Moreover, it is important to note that a certain type of computational learning process (such as the identification in the limit) can be captured as the ∆ 0 2 -piecewise continuity [3, 6, 9] . Further, as a type of piecewise continuity, the concept of layerwise computability based on Luzin's theorem in measure theory is playing a greater role in the algorithmic randomness theory and effective probability theory [10, 14] .
Our main theorem states that for all countable ordinals α and β, every Σ
function between quasi-Polish spaces with small inductive dimension = ∞ is decomposable into a countable list {F n } n∈ω of functions such that each F n is Σ 0 γ(n)+1 -measurable for some ordinal γ(n) with γ(n) + α ≤ β. Furthermore, if α ≤ β < α · 2, a function between Polish spaces with small inductive dimension = ∞ is Σ → α+1,β+1 if and only if it is decomposable into such a list {F n } n∈ω with dom(F n ) is ∆ 0 β+1 . This can be considered as a partial solution to the decomposability conjecture. To achieve our objective, we employ the Shore-Slaman join theorem on the Turing degrees to show the lightface (i.e., computable) version of our main theorem, and then, we obtain the boldface theorem by relativizing it.
1.2. Preliminaries. For the basic concepts of computable analysis, see Weihrauch [26] , and for (effective) descriptive set theory, see Kechris [13] and Moschovakis [15] .
The set of all natural numbers is denoted by ω, and for a set S, the set of all finite sequence of elements in S is denoted by S <ω . The notation f :⊆ X → Y denotes that f is a partial function from X into Y . For any reals X, Y ∈ ω ω , the symbol X ≤ T Y denotes that X is Turing reducible to Y ; X ⊕ Y to denote the real Z with Z(2n) = X(n) and Z(2n + 1) = Y (n). Given X ∈ ω ω and e, n, m ∈ ω, the notation Φ e (X; n) = m denotes that the e-th Turing machine with input n and oracle X halts and outputs the value m. As usual, we sometimes think of each Turing machine Φ e as a partial function from ω ω into ω ω , where its domain dom(Φ e ) is the set of all oracles X such that Φ e (X; n) is defined for all n ∈ ω. Let X ′ denote the Turing jump of X, that is, the halting problem relative to X, and let X (α) denote the α-th iterated Turing jump of X for every computable ordinal α.
Let ω ω denote a Baire space of infinite sequences of natural numbers, that is, the topological product of countably many discrete spaces ω. A representation of a set X is a partial surjection from ω ω onto X . A partial function f between represented spaces (X , ρ) and (Y, ρ ′ ) is said to be continuous (respectively, X-computable) if there exists a continuous (respectively,
An element x ∈ X is said to be X-computable if ρ −1 {x} contains an X-computable element. Recently, the Borel hierarchy on arbitrary topological spaces was slightly modified by several researchers (see [7, 22] ). For a topological space X , an open subset of X is called Σ Recall that every countable ordinal can be represented by a countable wellfounded subtree of ω <ω . Given a well-funded tree W ⊆ ω <ω , let |W | < ω 1 denote the ordinal rank of W . We can safely assume that for every node σ ∈ W , either it is a leaf (i.e., a terminal node) or σ n ∈ W for all n ∈ ω, where σ n is concatenation of σ and the one-bit string n . We use the symbol to denote the empty string.
To represent the family
|W | subsets of a represented space (X , ρ), we will define a total representation ρ W :
, where an effective bijection between ω and ω <ω is fixed. Let {O n } n∈ω be an enumeration of an open basis {ρ(I σ ) : σ ∈ ω <ω } of X , where I σ is the clopen set generated by a finite string σ, i.e., I σ = {p ∈ ω ω : p ≻ σ}. For each set T ⊆ ω <ω , we can effectively produce the tree T | W = {σ ∈ W : (∀τ σ) τ ∈ T }. (
where n is the last letter of σ.
T |W is defined as follows: Given an oracle X ∈ 2 ω , as usual, let O X denote Kleene's system of ordinal notations relative to X. The least ordinal that is not computable in X is denoted by ω X 1 , and the ordinal less than ω X 1 represented by a ∈ O X is denoted by |a| O X . Note that there is a partial computable function W :⊆ 2 ω × ω → P(ω <ω ) such that for every X ∈ 2 ω and a ∈ O X , we can obtain a well-founded tree W
ω be a real, let α, β < ω X 1 be ordinals, and let X and Y be represented spaces. A function
To emphasize its domain and range, we sometimes write 
holds for all ordinals α, β, γ < ω 1 . The effective hierarchy of Borel functions at finite levels has also been studied by Brattka [2] . Remark 1.4. It is known that every countably-based T 0 space has an admissible representation. A separable completely metrizable space is called Polish, and a countably-based completely quasi-metrizable space is called quasi-Polish. In [7] , de Brecht showed that a countably-based space is quasi-Polish if and only if it has a total admissible representation.
Hereafter, all represented space which we will mention are assumed to be admissibly represented. Definition 1.5. Let F be a class of partial functions from a represented space X into a represented space Y.
The Σ → 2,2 functions have been studied by Pauly-de Brecht [18] , who showed that two equalities Σ 2,2 = dec 2 Σ 1,1 and Σ
Later, we will use a notion of topological dimension. The small inductive dimension of a topological space X is denoted by ind(X ), which is inductively defined as follows: The dimension of the empty set ∅ is −1, i.e., ind(∅)
We will call such a bijection h a level 3/2 Borel isomorphism (or simply, a 3/2-isomorphism). Moreover, for instance, if a space X is the Euclidean n-space R n or the unit n-sphere S n , it is computably 3/2-isomorphic to Baire space ω ω , where a bijection h : ω ω → X is called an X-computable 3/2-isomorphism for some oracle X ∈ 2 ω if h ∈ dec 
where we assume that Y is Polish if α = 1. For any natural numbers m, n ∈ ω with m ≤ n < 2m, we have the following equality.
where we assume that Y is Polish if m = 1.
Main Tools
2.1. Shore-Slaman Join Theorem. The key lemma used in our proof of Theorem 1.9 is a join theorem concerning the class of α-REA operators shown by Shore and Slaman. Here, a function F : 2 ω → 2 ω is called an α-REA operator if it is Σ 0 α+1 -computable, and there is a computable function π such that π • F = id 2 ω . We will use the Shore-Slaman join theorem only for the α-REA operator J (α) : x → x (α) .
Theorem 2.1 (Shore-Slaman Join Theorem [24] ). Let α be a computable ordinal. The Turing degree structure (D T , ≤, ′ , ⊕) satisfies the following formula, for each k ∈ ω.
For α = 1, it is exactly the Posner-Robinson join theorem [20] . Historically, Jockusch and Shore [12] were the first to ask whether the Posner-Robinson join theorem can be generalized to all n-REA operators for n ∈ ω. The main tool for addressing their question was introduced by Kumabe and Slaman, who showed the join theorem for α = ω (for Kumabe-Slaman forcing, see also Day-Dzhafarov [5] ). Finally, Shore and Slaman proved the join theorem for all computable ordinals α. It is noteworthy that by combining it with the Slaman-Woodin double jump definability theorem, they showed that the Turing jump is first-order definable in the partial ordering (D T , ≤) of the Turing degrees.
We employ the Shore-Slaman join theorem to show our main theorem. For Corollary 1.10 with m = n, we only require the Shore-Slaman join theorem for α = 1, i.e., the Posner-Robinson join theorem. To show Theorem 1.9 on all levels of Borel hierarchy, we need the Shore-Slaman join theorem for all countable ordinals α < ω 1 . By analyzing the proof of Shore-Slaman [24] , it is not difficult to see that their theorem can be generalized to all countable ordinals α < ω X 1 , for any X ∈ 2 ω . Here, ω X 1 is the least countable ordinal that is not computable in X. Remark 2.2. Here, the notion d (α) could be ill-defined. Therefore, if X is fixed, by d (α:X) only for d ≥ x, we denote the α-th Turing jump relative to X, which is defined along with Kleene's system O X of ordinal notations relative to X. Then, the notion d 
) is continuous. In particular, it is Xcomputable for some X ∈ 2 ω with α, β < ω 
in Theorem 1.8 can be easily shown by relativizing the following lemma. Here, recall from Remark 1.4 that every quasiPolish space has an admissible representation. e (S) ∩ P e ) is Σ 0,X β+1 , and we can effectively calculate its index. Hence, F is a Σ X α+1,β+1 -function.
Lemma 2.6. Let X and Y be represented spaces. Fix an oracles X, and ordinals
α ≤ β < ω X 1 . dec X β+1 Σ X 1,(β−α) (X , Y) ⊆ Σ X α+1,β+1 (X , Y). Proof. Assume that F : X → Y is ∆ 0,X β+1 -piecewise Σ 0,X (β−α) -computable. Fix an R-computable sequence {P e } e∈ω of ∆ 0,X β+1 (X ) sets such that H e = F ↾ P e is Σ
Proof of Main Theorem
3.1. Uniformity of Borel Functions. Hereafter, we assume that every countable ordinal α < ω 1 is represented by some well-founded tree W (α) ⊆ ω <ω without mentioning, and for every represented space (X , ρ), the class of all Σ 0 α subsets of X is implicitly assumed to be endowed with the topology given by the representation ρ W (α) . Each lightface subpointclass Σ 0,X α is thought of as a subspace of the represented hyperspace (Σ 0 α (X ), ρ W (α) ). Definition 3.1. Let X ∈ 2 ω be a real, let α, β < ω X 1 be ordinals, and let F be a function between represented spaces X and Y. Let Γ and Λ be relativizable pointclasses.
(1) The notation
Lemma 3.2. Let X ∈ 2 ω be a real, and let α, β < ω
Lemma 3.3. Fix an oracle X ∈ 2 ω , and fix α, β < ω
and
ω be a real, and let α, β < ω
, where D and E are subsets of
Proof. 
we first note that δ
X is the characteristic function of (F (x) ⊕ X) (α) , we obtain the inequality
Lemma 3.5. Let X ∈ 2 ω be a real, let α ≤ β < ω X 1 be ordinals, and let D be a Σ
Then, by Lemma 3.2, we have
for any z ∈ ω ω . By Lemma 3.4, the function F must satisfy the inequality
for any z ∈ ω ω and x ∈ D. Suppose that there exists x ∈ D such that F (x) ≤ T (x⊕ X) (γ) holds for any γ < β−α. Put y X = F (x) and x X = x ⊕ X. By the inequality (1) with z = ∅ and from the definition of β−α, we have y
Therefore, there is an ordinal γ < α such that y
Fix the least such ordinal γ < α. We now have the following condition:
for all θ < γ, and y . Consequently,
Proof of Theorem 1.8. The first inclusion follows from Lemma 2.6 via Lemmas 2.4 and 2.5. We show the second inclusion. If α = 0, it is obvious. If α = β = 1, it follows from the Jayne-Rogers theorem [11] . Therefore, we can assume that α ≥ 1 and β ≥ 2. As mentioned in Remark 1.7, if the small inductive dimensions of X and Y are not ∞, they are level 3/2 Borel isomorphic to ω ω . Thus, by relativizing Corollary 3.8 via Lemmas 2.4 and 2.5, we can obtain the desired inclusion.
Given classes F and G of partial functions on the real line R, consider the following cardinal invariant:
The cardinal number dec(F , G) is called the decomposition number of F with respect to G (see also Solecki [25] ). Recall that the real line R is computably 3/2-isomorphic to Baire space ω ω . Therefore, Corollary 3.7 can be rephrased as follows: 
By induction, we show that diam(S) > ε is Σ 
Proof. Assume that F is decomposable into a uniform sequence {F n } n∈ω of Σ 0 (β−α) -measurable functions. It suffices to estimate the complexity of Q n = {x ∈ dom(F n ) : F (x) = F n (x)} in X . By Effective Extension Lemma 3.9, we may assume that dom(F n ) is Π 0,X γ+2 for some γ < β−α. Then, Π 0,X γ+2 ⊆ Π 0,X β holds since α ≥ 2 implies that γ < β−2. Select G n ∈ Π 0,X γ+1 (X ×Y) such that graph(F n ) = G n ∩(dom(F n )×Y). Note that α · 2 = α + α > β implies that β−α ≤ α. Therefore, G n ∈ Π n ) is Σ 0,X β+1 uniformly in x ∈ X and n ∈ ω. Let ∈ β+1 : X × Σ 0,X β+1 (X ) → S be the membership relation defined by ∈ β+1 (x, S) = 1 if x ∈ S and ∈ β+1 (x, S) = 0 otherwise, where recall that S is Sierpiński's connected two-point space. Then, ∈ β+1 is Σ 0,X β+1 -computable. Therefore,
n = {F n (x)} for any x ∈ dom(F n ). Therefore, we can see that z ∈ F −1 (G
n ) if and only if F (z) = F n (x). Consequently, Q n can be represented as follows:
Consequently, this set is Σ 0,X β+1 uniformly in n ∈ ω. Let {Q n,m } m∈ω be a uniform sequence of Π 0,X β sets with Q n = m∈ω Q n,m . Then, F ↾ Q n,m = F n ↾ Q n,m for each n, m ∈ ω.
Corollary 3.11. Let X ∈ 2 ω be a real. Let X and Y be represented spaces that are X-computably 3/2-isomorphic to ω ω . For any ordinals α, β < ω Proof. Assume that F is Σ X α+1,β+1 . For α = 0, it is obvious. If α = 1, α ≤ β < α · 2 implies β = 1. Then, it is the computable version of the Jayne-Rogers theorem proved by Pauly-de Brecht [18] . Thus, we can assume that α ≥ 2. Let ρ X : ω ω → X and ρ Y : ω ω → Y be X-computable 3/2-isomorphisms. As in the proof of Corollary 3.8, we can show that h Y F h 
